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FOREWORD

This report was prepared by the Strength and Dynamics Branch, Metals and Ceramics
Division, under Project No. 7351, "Metallic Materials", Task No. 735106, "Behavior of
Metals", This research work was conducted in the Air Force Materials Laboratory, Re-
search and Technology Division, Wright-Patterson Air Force Base, Ohio by RI. L. Adkins.

This work began in December 1962 and was completed n August 1964. Manuscript re-
leased by author January 1965 for publication as an RTD Technical Report.

This report was formerly presented as a thesis in partial fulfillment of the requirements
for the Degree of Master of Science at The Ohio State University. The cooperation of the
Strength and Dynamics Branch in allowing the results of this study to be applied to the thesis
is gratefully acknowledged. Further acknowledgement is made to Dr. D. L G. Jones, W. J.
Trapp, J. P. Henderson, and E. K. Tashima for their assistance and helpful discussions.

This technical report has been reviewed and i approved.

Chief, Strength and Dynamics Branch
Metals and Ceramics Division
Air Force Materials Laboratory
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ABSTRACT

Au analytical assessment Is made of an apparatus designed for the measurement of the
complex shear modulus of viscoelastic materials. It ti shown that simple measurements
of amplitude ratio and phase angle are sufficient to determine the complex modulus at ay,
point over a wide range of frequency and dynamic strain. Data obtained for butyl rubber and

some experimental elastomers are presented.
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SYMBOLS

A specimen area

b specimen thickness

c velocity of shear waves in an elastic material -i- 7

f the frequency of vibration

G elastic shear modulus

G* complex shear modulus = G' + I G" - Goexp (19)

G' storage modulus in shear - GO cos 8

G loss modulus in shear - G0 sin 8

Go  magnitude of the complex shear modulus

e loss angle in shear - arc tan (G" /')

Q displacement amplitude of lower block

Q displacement amplitude of upper block or free mas

R ratio, QIQ

u displacement in the x direction

W weigikt of the free mass the center of gravity of which is at the
top of the specimen

x#y rectangular coordinate ales

W circular frequency - 2 Trf

16 phase angle between the lower anJ upper blocks

r shear stross

P mass density of the specimen matei al

h L h)
H (# 2 2Mb!/A

g aoceleration of gravity- 386 In./s 2

vii
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INTRODUCTION

The solution of problems in continuum mechanics wherein it is desired to represent a
material which has time dependent mechanical behavior may be obtaln, d by the use of the
theory of linear visnoelasticity. Although the usefulness of this theory is restricted to
situations involving small deformations, it is virtually indispensable as a first approxi-
mation when dealing with materials exhibiting stress or strain rate dependent behavior.
This is completely analogous to the first appriximation afforded by the classical theory
of elasticity for so-called linear or Hookean solids.

Of the several theoretically equivalent means of describing the stress-strain behavior
of linear vlcelastic solids, the "complex modulus" approach is the simplest to use from
the point of view of an experimental determination of the prope. ties of sach materials. A
rational introduction of the complex modulus ooncept is given by Sncwdon (Reference 1).
Data obtcJned from complex modulus experiments, under sinusoidal loading conditions, can
be carried over to any of the other descriptions of the stress-s t rain behavior and used in
the solution of various problems. Details of the connecting mathem: tical transformations
may be found In Gross (Reference 2).

Although the complete characterization of mechanical properties of an isotropic. visco-
elastic solid requires the -determination of the +,o complex moduli in shear and dilatation,
this work is limited to devising an experiment for measuring the complex modulus in shear
alone.

The procedure adopted for this determination was to measure the response of the test
material to a sinusoidal stimulus and compare the results with a simple analysis of the
system. Obviously a candidate test for the determination of complex shear modulus must
include a specimen for which the geometry, boundary onditions, and stress field are not
only experimentally realizable but are also amenable to a ralaively accurate analysig within
the framework of the theory of linear viscoelaxtIcity. It is also desirable that the dyramlc
response of the test specimen bedepemientonly on the complex shear mod'dus since, generally.
it is possible to makea sufficient amber o! measurements to define only one complex modulus
in any one type of teat.

The tert described herein satlafes to areasonable degree, the previously stated conditions.
Specifically, thi work concerns t response of a sheet of test material mnded to the upper
surface of a rigid inetaL ?lat, and having a rigid mass botued to its upper surface. The plate
under the specimen is then forced In a steady sinusoidal motion.

ANAi.YSIS OF THE RESPONSE OF THE TEST SPECIMEN

Figur L Schematic of Test Specimen
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The spe- men under teat Is shown schematical'y in Figure 1. The :-, y coordinate axes
are fixed In space. The displacement amplf-ude of the forced lower ph.te a-d the free mass
are Q and Q respectively and the phase angle by which the forced plate leads the free Ma 3
Is#.

The effects of the stress free edges of the material in shear were nejiectd in this analysis.
A state of pure shear was asumed. The ujiper and lower bouris of the errors introduced
as a result of this assumption can be computed from the work of Read (Reference 3). Accord-
ing to Read, the aorrectlon to the stiffness Is a functlonof Puiseon's ratio and the length-to-
thickness ratio of the specimen. If the material is assumed to be Incompressible, then for
a length-to-thicknes. ratio of 24, the decrease in stiff"s due to illowance for the edge effects
is between 0.67 percent and 1.12 percent. This apparatus was designed with oonstant specimen
length of three inches and the thickness of the specimens could usually be made less than one
eighth of an Inch.

It was als assumed that the blocks to which the specimen Is bonded are rigid and the static
compi -a j ,oroe; J- to gravity ar neglected.

In the initial analysis the specimen material will be considered to be elastc. For pure
shear all displacements vanish except u, the d4splacement In the x direction. The equations
of motion reduce to the wave equation

Y 2 a 2

or

where c w V1 is the vuloclty of shear waves n the specimen material.

For the steady state solraIoit (yt) - F(y) eap (-w t), the equation of motion becowes

exP (JIw) - elP (Owf)

dyt €2

The genral selv ie of th~A .qmxia is

F 9) ' *ini (ky) + C * (@ (ky) J)

where B and C ar unknown constants to to deftrmned from the bouary oondlUas and
k "'c. Tben

*, (*) [I nt( (ky) 4Ccos( im) ,W( t) (2)L

2
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The boundia-9 ,andilona u&at

this gives C - Q and F(y) B1 sin (Jkr) + cog (ky)

2. The shear force on the top of the Vapcimen mubt oppose the Inertia of the froe m~ass
or

A-rtb Muy :b

AG ~ Y M~ C ~ h F'(b) exp w 0)

AC r k c(b~ -- kn (b) M, N sit, (kb) +0 coo.k~

AGk zln~k'+ vt MC95(kb)

AV k ~(kb)-w M in k

SubstItuting these results Into ILquation 1 yed

AG k coou(kb - L., ai Msin (kb- ky)1
F~y) :Q - -1 3

L AGk coo (kbl-s 2 Main (kb

U (Y't ) Q I - - -- 't f) (4)
AGk coofkb) - &P2 M sin(h)

u~b~t)~QAGk

LAGk coo (kb) - Moln (kb) -j

NO -____ C - ~~ it) 5

INow u(h~t) is measured as Q excp (1st -#~as In Figure 1. Inserting t ide to E~quation 5 yields

*xp ( -1 is )
0 coo (k b) (..t Mu (A Sk) sin (kib)

Thus far it r." been assumed that G to real, that is, that the specinir material to purely
elaxtic. nP form"' solutioni of viscoelastic problewu has been greatly simplified by the use
of the correspondence princile between elastic and vsooelamtio )robleis. This principle
ws first noted by Aofroy (Reference 4) for Incompressible mateials and Les (Reference 6)
for compressible materials.

AG ( /Y~yb MF~b ep~~t
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The Alfrey-Lee oorrespondence principle states tha the LplaCe transformed viscoelastic
solution is obts.ned directly from the SOlU+.i'- " an AsOCiatOd elastic problem by merely
roplacing the elastec costants by certain finctio s of the Laplace transform parame er do-
pending on the nature of the swrema-strain relations. The character af the associated elastic
problem is esablied by Laplace transforming the differenatal equeton and boundary and
Initial conditions defining the vieelastic probem Further proof of the correspondence
principle is given b- Read (Reference 6) and Berry (Refeience T). Berry also statas that for
a steaduy state sinuzoidal atimulus the solution to a viscoelasutl problem is obtained from that
of the corrsonding elasutc problem bythe oubstitution of complex moduli which are functons
of frequency for the elastic modult or constants.

As a conmequence of the previous discussion, the respenae of Vie free mass on top of the
vilacooiatlc mwdium is obftined directly from Equation 6 by replacing the elastic shear
modulus with the complex shear modulus GM.

G' + 10 0 exp (18) whsr\ crc ton

Equation 6 becomes

whire

k 19 -i/2) ko x(i/

If k'b) Is small In magnitude and the quantitles cos (k*b) and sin (k*b) are approximated by
the first term of their respect-ve Maclwir.n series, the following approximation is obtained
for Equation 7:

1-(w2 Mb) /(0-A)

The same result would L3 obtained if the specimen inerfti were neglected in the original
equation of motion. It is desirable to be able to use thi. approximate solution for the response
because It can eraly be solved Wetplttly for the complex modulus G5 . It to difficult to com-
puts the error resulting from this approximation for the general case. In the Appendix a com-
putation of the error for specific values of the mteriAl constants, specimen geometry, and
excitation frequency are obtained. On the basis of thim approximation, the solution of Equa-
tion 8 for G* is:

u Mb/A ., Mb/A

I-hR *p ( ~ (I-I/R cow# )-I I/R ulai

.4



.. Ther-efore:U-b/
SMbi

lIR) -2/R tos +I

and
ta/ 1 = -

I-tR co1

R-Cos ilInf

For steady elate iduoldal motion, the amplitude ratio of, and te phase angle between, the

lower and upper blocks or. plates will be the same for displacement, velocity, and accelera-
tion signals. Which of tbe!e three quantities are measured depends primarily on t>e fre-
pT 2 :ny at which the et Is perfor med. R will now be :def:ned as a:y one of these ree
kilnematic reUos, H will also be defined as equal to M vb[A.

The final formulae for Go and ta 0 arei

• H

0o -" -(9)

andR t -2/R cos#.I + 11 0

and

,. DESIGN CONSIDERATIONS AND DEVELOPMENT '

In the analysis an approximation was made which depended on the magnitude of k*b being
small.

I k* b I = li b .< I

therefore

b <<

5
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Typioal values of thase material constants and frequency are.'

o - 900 Pat, a= 10 - 4 mfss vnts*/n. 3 , and f 500 cps or

* - 1000 w radianb. see. For these values

,/-G-. /P !

Therefove b <0.1 " should satisfy the inequality.

The mess of tUo upper block must be calcilated. To permit accurate calculations, it Is
seen from Equations.9 and 10 that R must be different from unity and # different from zero.
Thee differences are greatest near the resonance of the speciman-free mass system, where
the resonance is defined here as the maximun of the ampliAde ratio, R

From Equation 8 it can ewily be 4hown t'at R is a maximum for the frequency

- (G'Ab)/M ] 1/2.

This particular value will be called the natur!Al circular frequency frequency of the specimen-
mass system. Note that this natural frequency does not change with damping since It is only
a function of the storage modulus. At this n4ural frequency,

G' A.- P . W )

The area of the specimen will be fLied at six square inches (three inches long in the direction
of vibration and two inches wide). Choosing cos 9 as unity and using the typical values of the
other constants in relation to Equation 11, we have

M - 0.00547 mass units**

W =Mg - 2.1 lb.

Another cousideration in designing this mass was to locate the oentor of gravity at the top
edge of the pecimen so tMat the stress distribution was simple oheir. The final design for
the mass is shown in Figure 2.

**No namw has bow assigne to tis udit of mass in the Inch-pound-soond system of units.
In Uwis Apr this uit will 4muply be called a mass unit.

Ii
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Figure 2. Free Mass Including Accelerometer and Dummy Mass

SPECUPAN PREPA, ON ANDI TEST PROCEDURE

The metal plates above and below the specimen are of brass. Brass was primarily chosen
hocaus, nmy slastomers will bond directly to brass without a secondary adhesive. When
possible, tOe specimen was bonded to the plates while the specimen material underwent a
specified curing cycle. These plat"s were attached to the other parts of the apparatus with
mat-hire smvws. A moAld, not shown, was desigm-~ to be compatible with the plates and has
been used In specimen preparation4 A pliotograph of tt "ready for tool" specimen to shown
fin 749mm 8

Biefore startivig aniy test, It was nocessay to find the specimen thickness and tho weight
of the free mass, including that of the accelerometer and dwnmy. The lower pl ate was
ruounted, on a liHS~twegt slip UW&l which was xigidly connected to the armature, of a 100 force
pound electromagnet exciter. The entire apparatus was mountad on a seismic concrete
block as ohewn In Figure 4.

While the tests were being conducted, the accelerations of the upper awn4 lower plates were
measured by tooeloromoteri and roeL out on vibration meters. Phase differences between

be two acelerometers wvere measurod py a precision phase meter. Tbe two accelerometer
signals wort continuously observed on # tdzal trace oelflosoope to ensure that they were not
highly distorted when dat& was tAkes. Frequency %*As measu-9xI by an electronic digital
counter.

7
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Figure 3. A "Ready for Test" Specimen

Fiure 4, View of Complex Modulus Appratus Inlurding the SAp Table, Kloeflromagnetlc
axier nd Top of the Seismic Concrete Block
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DISCUSSION OF RESULTS

The results plotted in Figures 5 and 6 show the typical frequency and temperatu de-
pendence of the properties of vlscoelasto materials. Although the measurements of Fig-
ure 6 were taken at amblent room temperature, It was necesary to maintain this tem-
perature to within 0.1*C to )nsure adequate reproducibility of the measurements.

Figure 7 shows data for asilicone rubber material, the properties of which were essentially
i iependent of temperature variations in the vicinity of room temperature. Tho properties
were, however, found to be dependent on the amplitude of shear strain. This indicates that
the real material is nonlinear. The calculated materiel properties for this real material,
at each value of strain amplitude, may be called the viscoelastic constants of an "equivalent"
linear vscoelastic material.

Data on a sample of butyl rubber of the -am compounding formulation as that of Figure 5,
and talmn on a Maxwell machine (Reference 8) at frequencies up to 1,00 ops, was available
for comparison. This mahine measures the complex modulus in tension-compression rather
than shear. To reduce these tension-compression moduli to shear-modull, it was assumed
that the material was incompressible; this assumption being justified for many soft visco-
elastic materials. This assumption implies that the loss tangents in shear should be the same
as in .ansion-compression and the magnitude of the complex modulus In shear should be one
third the magnitude of the complex modulus in tens[.'-conrr ion. The computed values cf
G 0 mire within 20 percent of the values measured on the apparatus described herein; how-

ever, the loss tangents for the tension-compression data were 60 to 70 percent less than
those measred in shear. Possibly the assumption of Incompressibility was not justified. If
both sets of data are correct, then Poisson's ratio must be a complex number for this materla,

Calculatons, not shown, were made to find the steady state temperature distribUtion within
a typical specimen. Those calcu lations showed the maximum temperature difference inside
the specimen to be much lets than 1'C for moderate shear strains at which most measu.re-
ments must be taken to prt. erve linearity, However, for large shear strains (greater than
0.01) the temperature difference could exced 14C and should be conslred for temperature
senaitlve materials such as that in Figure 6. I

9
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CONCLUSIONS

Equipment has been designed to measure the dynamic propert!%, of viscoelaatlo mate.als
in thear. A simple analysis of the rc.pons. of the system has boen developed. Msaui*-
ments taken with this eqipment show that the experimntal difficulties are not extensive
and the results ae reliable and consistent.

For the properHs of the test material to be obtained explicitly from the responr4 :f the
system, the thickness of the material in shear must be suich that the inertia of the specimen
can be neglected. Also the experimental specimen more closely approaches the mathematical
model, with a stress distribution of pure shear, as the specimen thickness decreases.

Measurements taken with this appa. - us show the properties of viscoelastic materials to
be :-enultlve to temperature, rate of deformation (that is, frequezcy), and amplitude of de-
formation. The desired environment must be produced before making the .. echnlcal meas-
urements.

i
I

21
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APPENDIX

From the experimentai results obtained, it meaureLant taken at a relatively hlgh fr&-
quency on aL thick specimen was a lectod to compute the error in the approximal" analysis
of the response. Specifically for the butyl rubber specimen, the following wre measured or
computed:

Quantity Value

p 1.18 (10) "4 miss unit**/in. 3

b 0.15 in.

G0 900 pal

tan g 0.75

M 8.34 (10) mas urits

t. 2

k,*b 0.279 1 0.0930

cot k- 0.945+r 0.0266

sih (k%) 0.277 - 1 0.0,15

I+ I0.021

2
W) GOl fGA) 4.81-13.61

P'rvrn Equtions, 7 mid 8 the ratio of the ajpsj xim~te to the exact retmairwe is

Appx. o" ) - Mb)/G*A) s'in (kb)Orb)

- L.995 wip r'l 0.0097)

This cm be interproed as -O,.5 p.!-cent orror in ths amplltuie ratio and 40.0097 relars
(O.W) eo-ror In tb ham &W;&~l.

**No nams has bsen asign to the unit o( zAg to th Lnch-powd-somi systngn of unit&.L

th ix popr thi uwit will s$vtpgy be O&IWe a as at L
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